
916 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. MTT31 , NO. 11, NOVEMBER 1983

Theory and Measurement of Back Bias
Voltage in IMPATT Diodes

LOWELL H. HOLWAY, JR. AND SHIOU LUNG G. CHU

,4bstrvzct —The derivation of the back bias voltage is shown to require

carrying the derivation of the Read equation to one order of approximation

higher than that which is necessary to obtain the quasi-static result. A new

term is shown to be needed in the expression for the back bias voltage

which changes its sign to positive under conditions in which the older

analyses indicate a negative back bias. Experimental measurements of V’bb

as a function of VR~ were made using a network analyzer and are in

agreement with the new analysis. At frequencies considerably below the

range at which our measurements were made, a strong negative back bias

voltage is caused by the saturation current.

I. INTRODUCTION

T

HE BACK BIAS VOLTAGE ~bb is the change in the

dc voltage across an IMPATT diode due to the RF

drive. A negative P’bb is known to encourage bias current

instabilities [1], [2] and to advance the phase of current

injection which tends to reduce the negative conductance

[2].

Formulas for T’bb based on the standard Read equations

have been given by several authors [1]–[3]. For example,

Culshaw et al. [2] find

“ J’&
vbb=–~—

4a’ w;
(1)

where a’ and a“ are the first and second derivatives of the

ionization coefficient with respect to field, w~ is the total

width of the depletion regions, and VRF k the peak RF

voltage across the diode. The derivatives of a are taken at

the breakdown field and, in GaAs, for avalanche widths

greater than about 0.25 &m, a“ is positive, so that (1)

predicts a negative back bias.

Although a similar expression for back bias was given by

Goedbloed [3], his experimental measurements in GaAs

were in contradiction to the theory and showed a positive,

rather than a negative, back bias. Our observations, re-

ported in Section V, are similar in that they show Vb6 is

positive for a K-band double-drift IMPATT diode with an

avalanche width of 0.37 pm.

In addition to these experimental measurements, the

“anomalous” back bias voltage has been demonstrated by
Blakey et al. [4] by means of a numerical computer simula-

tion of an IMPATT diode with a 0.45-pm avalanche zone.

In addition to the anomalous effect, their calculation

showed that the back bias became negative again when the
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frequency was reduced below 10 GHz. Although our mea-

surements were taken at higher frequencies, where the back

bias behavior is insensitive to frequency, we will put our

results in context by showing that the saturation current

causes the back bias voltage to change signs at the lower

frequencies.

Although computer simulations of the partial differential

continuity equations can calculate the back bias correctly,

we would like to understand this theoretically by using the

Read equation. We will show that this requires deriving the

Read equation to one order of approximation higher than

is customary. This higher order term can be understood to

cause an effective modulation of the avalanche response

time T,. In fact, ‘rZis equal to the quasi-static value of 1/3

the avalanche zone transit time only when al= 1, and is

larger when al exceeds one. For an IMPATT diode, this

means that the avalanche current increases at a slightly

slower rate, while al is greater than unity, than it decreases

when al is less than unity. In order to maintain a steady dc

current, the net increase in current over a cycle must

vanish, so the average or dc value of al must exceed unity;

that is, Vbb must be positive. This effect is entirely analagous

to the effect of a positive value of a“, which causes the

avalanche current to increase too rapidly when al is greater

than one and therefore requires a negative back bias volt-

age.

In Section II, the Read equation will be derived in the

quasi-static approximation. Then a consistent formalism

will be introduced in Section HI which allows the ap-

proximation to the Read equation to be carried out to an

arbitrarily high order. In Section IV, the back bias voltage

is derived from this modified Read equation. Experimen-

tal measurements of Vbb on a K-band double-drift GaAs

IMPATT diode are described in Section V, and compared

with the theory we have developed. Low frequency effects

due to the saturation current are described in Section VI.

II. DERIVATION OF THE READ EQUATION

For GaAs IMPATT diodes, it is a good approximation

to assume equal ionization coefficients, a = ~, and equal

carrier velocities U. = UP. For the EHF diodes that we will

consider, the saturation current can be neglected since the

dc current density Y(t)>> la, at all times. We make these

simplifications here, since it would only lengthen the alge-

bra to treat a more general case, even though there would

be no real difficulty in doing that.
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Fig. 1. Schematic plots of carrier densities and current versus position.

The dashed lines, indicating the solution when al= 1, are modified as
indicated by the solid curves for al greater than unity.

Since the current density is dependent on position, for

preciseness, we will define J(t) as the current leaving the

avalanche at the particular position x = 1. For simplicity, it

is convenient to choose units in which the charge q =1.

Then, neglecting the saturation current density, the hole

and electron densities p and n are shown schematically in

Fig. 1. These carrier densities satisfy the boundary condi-

tions

p(o)= n(l)=o (2a)

and

evaluate Ql, taking the difference of (3a) and (3 b), to get

(6)

To proceed, we invoke the quasi-static approximation

for the slowly varying quantities on the right-hand side of

(6). This approximation, given by the dashed line in Fig. 1,

means that, in the lowest order approximation

n–p=:(l–2x/l)J(l). (7)

Next, using (7) to integrate (6) twice gives

1 12 dJ
~Ql=~~~

so that (5) becomes the quasi-static Read equation

(8)

The approximation taking advantage of the slowly vary-

ing right-hand side of (6) is essential in the quasi-static

method introduced by Kuvas and Lee [6], although the

approach taken here shows that it is unnecessary to intro-

duce the displacement current as they did in carrying

through the approximation. The key part in obtaining r,

= ~1/v is to recognize that (al – l)~(t) and 13QI are both

of first order in 8, so that QI cannot be ignored in (5).

p(l) =n(0)=J(t)/u (2b) III. HIGH-ORDER SOLUTIONS OF THE READ

EQUATION
where the equality of p(1) and n(0) is a result of the

symmetry when a = /3 and J~at= O. The current densities To obtain the higher order solutions which are needed

satisfy the continuity equations for the back bias problem, we will introduce a more formal

ap 8P
~+v~=au(n+p)

and

~–u~=au(n+ p).

expansion

(3a) up(x, i)= J(t) ~ p~(X)I$~ (9a)

(3b)

In this analysis, we treat a as a constant across an

avalanche zone of width 1. Now let al= 1 + S, so that the

solution approaches a steady state when the small parame-

ter 8 approaches zero. Following Read [5], we add (3a) and

(3b) and integrate from O to 1, giving

!#+2J(t) =2(l+8)UQ/Z (4)

where

Q=~~(n+ P)dX=ZJ(t)/U +8 Q1(X, i)

and the expansion for Q ( = QO + dQl + 000 ) has taken

into account the fact that the current is independent of

position when 8 = O. Then, keeping terms of order 8, (4)

becomes

zaJ=(a~-l)[J+~Q1].——
2V at

(5)

If QI were taken to be zero, (5) would give Read’s

original equation with r, = ~l/v. However, we will now

un(x, t)= J(t) ~ n~(x)~m (9b)
~=()

and

(lo)

where a ~, Pm(x), and rim(x) are considered dimensionless
variables of order unity. Substituting (9) and (10) into (3a)

and (3 b), and ignoring terms proportional to 8, yields what

we previously called the quasi-static approximation for the

carrier densities, namely

po(x) =x/l (ha)

and

no(x) =l–x/l. (llb)

For higher order solutions, the boundary conditions

require pm(0) = PM(l) = n~(0) = n~(l) = O. An algorithm
to determine these functions is obtained by assuming that

we know pm, n., and am for m = j, and using these

functions to determine the next higher order terms for

m = j +1. This algorithm is developed by taking the dif-
ference of (3a) and (3b), which, as in (6), gives the expres-
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sion
J+l

;(P,+l+n,+l) =;m~lam(nj+l.m-Pj+ l.m) (12)

where (12) includes all terms of order j + 1. Next, (3a) and

(3b) are added and integrated from O to 1 to obtain, as in

(4), the expression

——J(‘ ~J+l+~j+l+pj+~J)dx (13)
o

which again includes all terms of orderj +1. After integrat-

ing (12) twice in order to eliminate

from (13), the resulting equation can be solved for a,+l,

and which determines the modified Read equation, (10),

through terms of order j + 1.

The solution for p,+ ~(x) can be obtained by writing the

terms of orderj + 1 m the original continuity equation, (3a)

which yields

1
dP,+l(x)

ax =pl+l(x)+nl+l(~ )+pj(x)+n, (~)

]+1

–3 ~ a~p,+l.~(x) (14)
~=1

where, since all terms on the right-hand side of (14) are

known when p,+ ~(x) + n,+ ~(X) is obtained by integrating

(12) once, p,+l(x) is obtained by integrating (14) using the

boundary condition p,+ 1(0) = O. In the same way, n,+ ~(x)

is obtained from (3b), which takes on the form

tfn~+l(x)
1

ax =–pj+l(x)– n,+l(~)–pJ(x)– nJ(x)

J+l

The expansions of (9) and (10) can be shown to satisfy

(3a) and (3b), the continuity equations, at each successive
power of 8. The terms through j = 2 which are required to

determine the back bias voltage are listed in Table I. The

functions p. + nn, which specify the conduction current in

the avalanche zone, are plotted in Fig. 2, through the

second order of approximation.

Equation (10) has the standard form

tion

of the Read equa-

(16)

where

~=1

where Table I has been used to express ~1to the level of

approximation needed in the next section.

I “Lpo+no I

‘z 4+.
a=

1/

JL424
.2 .4 .6 .8 1.0

Y./-9.

Fig. 2 Current density versus position. The coefficients of the first few

powers of 8 in the current density expausion are shown.

TABLE I

EXPANSION COEFFICIENTS FOR CARRIER DENSITIES

i
m

‘m ‘m ‘m
o xl!. 1 x/1

1’I “’(’- x’’)( ’+x”) I :(1-:)(2-X”) I 1 I
3

2 ;>(1 X/l) (l +x/L) ;;(1 x/u3 (2 x/9.) 1/5

A completely independent derivation of I-i can be based

on an eigenfunction expansion that we have described in

[7]. In that reference, it was shown that, for a = ~, the most
rapidly growing eigenfunction increased as exp( v,a~t)

where v, = 2 v~vP/( v. + VP). Here v~ equals v when the car-

rier velocities are equal so that v~ = up = v. The eigenvalue

A, for a = ~, was shown to satisfy the equations

1– ~ ‘KCOt Kal (18)

and

K=42~–~2 (19)

where, by comparison with (16), we find

‘r, = (cd –l)/&XvJ. (20)

An expansion of (18)–(20) in powers of 8 agrees term by

term with the expansion developed in this paper. In Fig. 3,

the numerical solution for q /~t,m,lt from (18)–(20) is

plotted as a solid curve versus cd, while the first two terms

of the power series in (17) are shown as the dashed straight
line. It can be concluded that these terms give an excellent

solution over the range of al involved in IMPAIT diode

operations.

Although we are interested in an experimental situation

where a = B and v. = up, so that (17) applies, the results of

[7] provide a convenient way to generalize the calculation
when a # ~. Similarly, both in theory and in our experi-

mental situation, we assumed J(t)>> .l,,t. However, (16)

can be generalized in the same way as the original Read

equation to give

(t-z~=(a l-l) J(t)+*
)

(21)
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Fig. 3. Avalanche response time as a function of al. The solid curve is a
numericaf solution of the eigenvalue equations, while the dashed line is

the linear term in the expansion in powers of al – 1. The response time
is normalized by rtrm,l, = //u.

TABLE II

BACK BIAS PARAMETERS AT 200° C

I 9. a! cl,, .ti!!, Q1 u, !. /10

where the back bias voltage is

()AV=WT $–fj E;F.

Here, Vti(~.) is the breakdown voltage at temperature
~, R,c is the space charge resistance, and w~ is the total

width of the punched-through diode.

where J is now the total current at x = 1, that is, J = up(l) If the RF space charge could be neglected, ERF could be

+ un(l) = up(l)+ J., where JSat= J., + Jp,. approximated by V&/ WT where V~F is the peak RF

voltage across the diode. More generally, by integrating

IV. MAGNITUDE OF THE BACK BIAS VOLTAGE Poisson’s equation over the space charge moving across the

From (16), the current density satisfies diode, one can show [8], [9]

E~F = v~F/ywT
(22)

where y2 normally lies in the range 0.6< y2 <1.0, and is

where the electric field in the avalanche zone is assumed to
given by

satisfy

E = E. + ERFshtit.

If (22) is to be periodic, the integral over a period must

vanish, that is

r(al-1)(1-a,,)d=o (24)
o

where ~ T = 2 n and the 8/5 term is introduced because ri is

no longer a constant. Notice that we are treating a as a

function of time, even though our original derivation kept

a constant. This “adiabatic;’ approximation is generally

appropriate for IMPATT diodes in which the logarithmic

rate of change a is small compared to the logarithmic rate

of change of the carrier densities.

Proceeding as in earlier derivations [2], [3], a is expanded

in a Taylor’s series about E., to give

a = a. + LY’AE + ~a/’(AE)2

which means that (24) requires that

“J=l-(+-+)E’F(25)

where the angular resonance frequency a~, the transit

angles 0. and OP,and the drift lengths w. and WPare defined
in detail elsewhere [8], [9]. Thus the back bias voltage

becomes

‘V=(%avyw, (28)

The relative importance of the terms in (28) at 2000 C is

shown in Table II for different values of the avalanche

width 1. The values of a’ and a“ were obtained from the

exponential formula a = a exp ( – ( b/E)2 ) where a and b at

200 “C were taken as 1.81 x 105 cm-l and 6.33X 105 V/cm,

based on measurements taken on GaAs diodes in our

laboratory [10]. According to Table II, the back bias volt-

age is positive for 1 between 0.1 and 0.5 pm, even though

a“ is positive for 1larger than 0.25 pm.

which differs from the earlier results only by the final term, V. EXPERIMENT

which comes from the term proportional to 8/5 in (24).

Thus the dc field exceeds the breakdown field by the
The measurements of back bias voltage were made by

operating a double-drift GaAs IMPAIT diode as an
amount

“’-EB”(~-:)E’~

amplifier in a manner similar to the conductance measure-

ments described elsewhere [11], except that the emphasis is

now on the dc voltage as a function of RF drive. ,In the

so that the dc voltage across a punched through diode is
present setup, the diode is driven by an RF voltage from a

network analyzer, as indicated in the schematic diagram in

‘d. = h(~)+ R.=Idc + AV (26) Fig. 4. These measurements were made on diode 9A-98
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Fig. 4. Schematic diagram of the measurement circuit. The conductance

and dc voltage are measured as a function of V~ ~.

L------

5

I

D,ode 9A-98 %3

Id, :300 mb

f=200GHz

.4= 155 x IO””CJ

I

Fig. 5. Conductance versus VRF. The crosses are measured points and
should be compared with the curve calculated from an anafytic model.

#23 which is designed to operate at K-band near 20 GHz.

The parasitic involved in the transformation from the

reference plane to the chip were determined experimen-

tally. The transformation is assumed to be lossless except

for the small series resistance R,= 0.2 $! which was mea-

sured by the threshold method [8].

The output power and the admittance are measured at

the reference plane. Using the known transformation be-

tween the reference plane and the chip, the V~ ~ across the

chip can then be calculated. The crosses in Fig. 5 indicate

the measured values of conductance versus V~~ for a

300-mA dc current. They can be compared with the calcu-

lated values from the analytic model [11] using the parame-

ters listed in Table III. The relationship between the theory

and measurements is similar to that observed at other

frequencies [8], [9], [11], namely that the experimental

measurements lie close to the analytical calculation until

the conductance drops sharply when the VR~ exceeds some

critical value, which in this case is near 17 V. The assumed

junction area of 1.55X 10-4 cm2 was chosen so that the
calculated susceptance would agree with the measured

susceptance, but both G and AV are insensitive to the

actual value of A when l~c is specified.

Since Section IV shows that the back bias voltage is

sensitive to the avalanche width, C – V measurements were

taken to determine this width. The curve in Fig. 6(a),

measured on a mesa from wafer 9A-98, plots n,ff =

2

10”
[A

5

m- 1

10” ~i

,~
5 1,5 2

Xn +Xp (~m)

(a)

10’S

P- GoAs n- GaAs

I

2

!\]

‘! ,m; 10”
E

:
.

5

2

,,,<,,, ,1,11-

10’6
0 5 I.0 1.5 2.0

OEPTH (pm)

(b)

Fig. 6. (a) N=ff versus depletion layer width for wafer 9A-98 from a mesa

C – V measurement.

(b) Acceptor and donor densities versus depth from Schottky barriers
etched into wafer 9A-98.

TABLE III

CHARACTERISTICS OF DIODE 9A-98 #23

F---- :~~’~~v

0= 2.06. 10

n~ n ~ /( n~ + n ~ ) versus the total width of the depletion

regions. The maximum of n,ff, which occurs when the

p-edge of the depletion region reaches the peak of the

p-spike, is reached when x. + XP = 0.37 pm, which is as-

sumed to be the width of the avalanche zone. This estimate

is corroborated by the C – V doping profiles shown in Fig.

6(b), which were obtained by depositing Schottky barriers

on the surfaces resulting from etching to different depths

from the p+ contact in this wafer.

The dc voltage was measured as a function of V~F at the

same time as the output power and the conductance was

measured at 300-mA dc current. Knowing the dissipated

power and the measured value of thermal resistance in
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POU,and $ versus V~ ~. ~ is calculated from electrical measure-

ments using the measured value of thermaf resistance.

x

the value of A,ff needed

which corresponds to 60

area of 1.55X 10–4 cmz,

921

to give 23 Q k 0.92X 10-4 cm2,

pergent of our assumed junction

This ratio is comparable to the

ratios Aeff /A noted by other experimenters ‘wd” attributed

to nonuniform current distribution.

The slope of the experimental points in Fig. 8 is positive

and ‘quite close to the curve calculated from (28). The main

deviation occurs with the last four points, which corre-

spond to V~F greater than 17 V, which is where the

analytical model is ‘already known to break down as shown

by Fig. 5. The curve calculated for the back bias voltage in

Fig. 8 bends downward slightly from a straight line be-

cause Y* increases from 0.56 when V~F = O to 0.72 when

VRF = 20.

W. SATURATION CURRENT EFFECTS

Saturation current provides a mechanism which can

cause a negative back bias voltage at low frequencies and

large V,,. Although saturation current is imimportant

“/
under the conditions in which our measurements were

made, its effect at lower frequen~ies can be quickly derived

froth formulas given by Statz et al. [12]. Equation (2) of

[12] defines a qu@ity A such ~at

>.2

t

,~
o 100 200 300 400

V,fz (Vz)

Fig. 8. V&– Vti versus V~P The cyve is an assumed value of R ,CZdC

plus the calculated value of AV.

Table III, the junction temperature was calculated as a

function of VR~ as plotted in Fig. 7. The changes in dc

voltage are less important than the drop in temperature

caused by radiating more power out as V~ ~ increases

toward the maximum output power point at 17.6 V.

The breakdown voltage at temperature T is calculated

from the relationship Vti = V~ (1+ /3A~) where ~ has the

measured value given by Table III. Thus the measured

values of V~C– ~h can be plotted versus J’& as shown by

the crosses in Fig. 8.

According to (26), V~C– Vti should equal R,CI~C + AV

where AV is given by (28). This function is plotted as the

solid curve in Fig. 8 where R,c is arbitrarily taken as 23 Q.

The precise value of R~c is not important since l~C is kept

constant so that we are mainly interested in the slope of AV

versus V~F, which is given by the coefficient of V~F in (28).

Note that R,c will increase by a negligible amount with

V~F since the change in saturated velocity is small for the

temperature change shown in Fig. 7.

If we use the simplified formula

1

()

$+$
R,c = —

2~Ae~~ Vn Up
(29)

WTU 7,
Av= -A.

a’1
(30)

Under the condition that l,,t <C &, which would gener-

ally hold for a practical IMPATT diode, one can show

that, for q = O, (7) of [12] requires that

(31)

where, in our notation
,’.
~ _ 3a’v

-—~,, and Io(B)is
~wTy

the modified Bessel fupction.

Cornbi~ng (30) and (31) gives the saturation cuRent

contribution to the back bias voltage. Since the analysis OF

[12] leaves Out the effect of a“ and the modulation of ~1,the

total back bias voltage will also include the terms from

(28), giving

AV=–; ~[&(B)]2+
(K)v’~/y2wTo

(32)

Because B is inversely proportional to frequency and the

modified Bessel function increases exponentially with B for

large B, the saturaticm current contribution to (32) yvill

dominate at low frequencies even for quite small saturation

currents. As a numerical example, we choose the same

diode used by Blakey et al. [4] to compute the back bias

voltage obtained by numerical simulation and shown in [4,

Fig.. 6]. In this example, w~ = 4.9 pm and 1= 0.45 ~m.

Tal@g y =1, v from Table III, a’= 0.213, and a“ = 6.8 X

10-7 (from Table H), the back bias voltage was calculated

from (32) and plotted in Fig. 9, assu@ng Is.t /& = 10-4.

Qualitatively, these results are like [4], although an exact
comparison cannot be made since [4] did not specify the
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Fig. 9. Back bias voltage versus V~ ~ with frequency as a parameter. The

calculations are for the same diode parameters as the numerical simula-

tion in [5].

saturation current used in their simulation. Moreover, our

assumption that y = 1 would not be fully justified for their

current density of 500 A/cmz because y would equal 0.72

at 6 GHz with V~F = 30 V. (In practice, the diode would

be operated at a lower current density at 6 GHz since the

avalanche frequency, 5.8 GHz, is nearly as large as the

operating frequency.)

The saturation current effect cart be understood by

realizing that it prevents the avalanche current from drop-

ping below I,,t when the RF voltage is negative; since the

current increase is not constrained when the RF voltage is

positive, the dc voltage must be reduced to keep the net

current increase over a cycle equal to zero. At high fre-

quencies, the effect is unimportant since there is not enough

time for the current to drop from dc levels to a level near

I,,t. This effect will become more important at high powers

because the saturation current increases exponentially with

temperature.

VII. CONCLUSION

A calculation of the carrier densities in a Read avalanche

zone was carried out to the second order in S. It was shown

that this term modifies the derivation of the back bias

voltage by adding a term which is always positive and

often larger than the term due to a“. An experimental

measurement verified this effect by showing a positive back

bias for an avalanche zone width which would have re-

quired a negative back bias voltage according to the older

theory of (l). Thus the back bias voltage should not drive

low-frequency instabilities [1] under conditions in which

the saturation current is negligible. However, at low fre-

quencies and high saturation currents, V~~ will become

negative for sufficiently large V~ ~.
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